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Alternate Approach for Aerospacecrafit
Design Sensitivities

Huco P. HEERMANN™ anD JonN 8. Crauss Jr.§
Lockheed-California Company, Burbank, Calif.

N Ref. 1, the classical indirect method of the calculus of
variations is used to determine the optimum performance
for a vehicle of given design. 1In Ref. 2, this work is extended
by treating design variables as special control variables, and
a fundamental variational relation of Leitmann® is used to
deduce tradeoff relations or sensitivities between the per-
formance index and the design variables. The purpose of
this note is to offer an alternate approach to the derivation of
these sensitivities.

Classical Variational Problem

Reference 1 considers the problem of determining the con-
trol variable histories

(1) i=12...n (1)
and the state variable histories
(1) 1=1,2...m (2)
subject to the satisfaction of the differential equations
i = filt, 2, uy) 1=12...m
®3)
Jj=14L2,...n
and the end conditions
W, [t ¢, z:t), :()] =
(4)

r=12...9<2m+ 2

in order to minimize g given performance index
G[ti7 tf; xi(ti)) xl(tf)] (5)

The solution to this problem is secured by introducing m
Lagrange multipliers

)\1, >\2 O >\m (6)
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and defining the generalized Hamiltonian by

=2 N ()

i=1

An optimum trajectory must satisfy the Huler-Lagrange
equations

X = aH/b)\,} G =1,2 ) 8
A = OH oz PSS ©)
= OH /Ouy (=12...n) (10)
and the transversality condition
m s=f
[—H(tS)dts + > )\i(t*)dxi(tS):‘ +d@d =0 (11
i=1 s=¢

where (11) must hold for all sets of differentials
dit, dx;(t9), dt/, dx.(tf) 1=1,2,...m (12)
which satisfy

a¥, = 0 r=12...¢q (13)

The system composed of the constraining equations (4)
and the Euler-Lagrange equations (8-10) is subject to 2m + 2
boundary conditions for the optimum choice of the 2m 4 2
initial and final variables

8, 1, @:lt9), wat) i=12...m

Of these, ¢ are supplied by (4) and the remaining 2m -+
2 — g are supplied by the transversality conditions (11-13).
The maximum number of restraints [Eq. (4)] that can be
considered is 2m + 1. In this latter case, one free variable
is left to be determined from the transversality condition.

Fundamental Formula
If J denotes the minimum value of G subject to the given
end conditions [Eq. (4)], then the formula of Leitmann?} is
given by

m s=f
dJ = dG@ + [—HSdtﬂ + >0 Nilte)das (t*)} -

i=1 =1

fﬂ .Z a‘t?u]dt 14

Along an optimum path, dJ = 0. The last term in (4)
vanishes because of Eq. (10), and the first two terms combine
with the given end conditions [Eq. (13)] to make dJ = 0.

Once an optimum path has been obtained, one may now go
back and examine (14) to see what effect small perturbations
on one or more of the state variables will have on J. To this
end, Leitmann® assumes that the end values ¥, ¥/, z,(t),
zp), 1 < p < m, do not oceur in G or the end conditions
[Eq. 4)], and then calculates the effects of small perturba-
tions

t 4 dis 7+ dtr %,(t) + dz,(t)
2,() + da,(t7)

on the performance index. In particular, because of (10)
and (11), all terms of the right member of (14) vanish except
those containing d¢?, di/, dz,(?), de,(1¥). Thus (14) becomes

dJ = —H@Hdtr + HQ@)dt: + N, )dz,” — N() de,t (15)
and as a consequence one deduces that

oJ/otf = —H(t) QJ /ot = H(t) (16)

AJ /0w, (t)] = —N,(t) oJ/[ox,(t)] = N, () (17)

1 For simplicity we exclude the case where the trajectory has

corner points. Also, there are no equality nor inequality re-
straints ont, z;, u;.
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Control Variable Approach

The procedure that Thelander uses to deduce tradeoff
relations between J and design variables is to treat the de-
sign variables, say by, be, . . . by, as special control variables.
Thus, if we introduce p new control variables

Unte (1) = bq a=1,2...p (18)

into the f’s of Eq. (3) then we have a new variational problem
in which p extra quantities [Eq. (18)] are to be determined.
Since for most problems the b’s will remain fixed at some con-
stant value over the trajectory, one must now take several
precautions. First one solves the variational problem with
the b’s determined at some nominal value. During this
process, while from (10)

OH/ou; = 0 j=12...n (19)
one must remember that
OH /Qunte # 0 a=1,2...p (20)

Thus, in (14), all terms cancel out in the right member except
those due to (20). Consequently,

o L. OH
ar=— | L gy Stk @1)
and one can immediately deduce that
oJ v OH
= — dt =12 ... 22
St f v dunns a=12...p (22

One disadvantage with this approach is that care must be
taken in distinguishing between the performance and design
optimizations. During the performance optimization the
primary control variables

u;(t) J=1L2...n

are free of choice at each time, and, according to the maxi-
mum prineiple, indeed must be chosen so that H is a maxi-
mum at each time ¢ of the interval t# < ¢ < /. For the
secondary control variables, the maximum principle does
not hold since the u,1.'s are not free variables along the tra-
jectory. In fact, we must assume that

6un+a =0

to insure that dJ = 0.

After the performance optimization has been completed,
we restore (23) to their original meanings for the design
optimization. The maximum principle simply asserts that
the Un4e’s must be chosen so that J is a minimum. If it
happens that the quantities [Eq. (20)] all vanish, then the
simultaneous optimization of design and performance has
been achieved. If not, the tradeoffs [Eq. (22)] indicate
the direction in which the un4.’s must be perturbed to obtain
an optimum.

A second disadvantage is that very often design variables
may oceur in the performance criterion G or even in the end
conditions. In such a case, special provisions would have
to be made in order to attain correct results.

a=12...p (23)
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State Variable Approach

An alternate technique is to treat the design variables
[Eq. (18)] as new state variables. In this approach, one
introduces p new state variables

Tmtall) = bo a=1,2...p (24)
with p new end conditions
Vita = Tomtal) — Tmra) =0 a=1,2...p (25
and p new differential equations
Emte = 0 a=12...p (26)

When Eqgs. (25) and (26) are appended to Eqgs. (4) and (3),
respectively, we have a classical problem of Mayer involving
m —+ p state variables and ¢ 4+ p end conditions. The particu-
lar advantage of this method is that we now have a prob-
lem in which all the known results of the calculus of variations
can be applied; no special procedures are required. This
technique of treating parameters as state variables is due to
Hestenes? and was later discussed by Cicala.?

Tor the problem at hand, the end conditions [Eq. (25)] now
lead to p new transversality conditions

Ntat) — Npta(t) = 0 a=12...p (27

For some nonoptimum choice of the design variables [Eq.
(24)], Eq. (14) becomes

V4
a7l = 3 Mralt) — Mt 1dTmta (28)
a=1
where
te = it = dmialt’) a=12...p (29
Since
Anta = —OH /D mta (30)

it follows that integration of (30) between ¢ and #/ and sub-
stitution of (30) in (28) leads to the tradeoffs

of [ oH it
axm+¢1 B i bxm+a

a=12...p Bl

This is equivalent to Thelander’s result (22).
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